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ABSTRACT be defined through energy analysis, by requiring non-negativity

. o . ) . of a numerical energy-like quantity. Nevertheless, it is logical
Numerical sound synthesis is often carried out using the finite (4 seek extended application of the principle of conservation in
_dlfference tlme domain method. In order to analyse the stabil- ,,merical modelling, which is possible by defining a more gen-
ity of the derived models, energy methods can be used for both gr4| energy-like invariant that accounts for both the dissipation
linear and nonlinear settings. For Hamiltonian systems the exis- from and the work injected into the modelled system. Similar
tence of a conserved nl_JmericaI er_lergy-l_ike quantit_y can be _US_edideas have been expressed in recent studies [4, 6], but explicit
to guarantee the stability of the simulations. In this paper itis c|cylation of a numerical invariant for dissipative systems has
shown how to derive similar discrete conservation laws in cases ot heen demonstrated so far.
where energy is dissipated due to friction or in the presence qf This paper explores the idea of a conserved numerical en-
an energy source due to an external force. A damped harmonicegy quantity in the presence of damping through a simple har-
oscillator (for which an analytic solution is available) is used monic oscillator model. Using an unconditionally stable finite
to present the proposed methodology. After showing how to ifference scheme as a starting point, the defined conserved
arrive at a conserved quantity, the simulation of a nonlinear sin- g antity is tested in finite-precision realisations. The proposed
gle reed shows an example of an application in the context of nethodology is first presented for the linear case and subse-
musical acoustics. quently extended to include nonlinear interactions. The inclu-

sion of a driving force is analysed leading to a numerical energy
1. INTRODUCTION balance consisting of the system (kinetic and potential) energy,
the power input due to the driving force and energy loss due

Physics-based sound synthesis usually relies on numerical apio friction. The methodology is exemplified by simulation of a
proximations of the underlying equations of motion of a vibrat- lumped reed (with lay beating) as a sub-system of the clarinet.
ing system. Various time-stepping methods can be employed to
this cause. In the field of Music Acoustics finite difference time 2. THE DAMPED HARMONIC OSCILLATOR
domain methods provide an efficient and flexible framework for
numerical simulations [1]. Of particular importance, during the The equation of motion for the displacemenif a damped
formulation of such numerical schemes, is the stability of the harmonic oscillator is given by
algorithms. Stability analysis has lately been carried out using
. . 2

energy methods [2], which are applicable to more general sys- d’y + ,yd_y T wiy=0 1)
tems, compared to frequency domain approaches [3]. In par- dt? dt
ticular, they offer the possibility of analysing nonlinear models, Wherey is the damping andy the resonance frequency of the
whose application in musical instrument simulation has recently oscillator. Multiplying by the mass: of the oscillator yields
seen a great increase [4]. The main idea behind energy meth- &y dy
ods is for the numerical scheme to posses a conserved discrete m@ + mwa +ky=20 2
quantity that can be used to bound the solution size. This in-
herently links to Hamiltonian systems (without losses), where Wher k = muwg is the stiffness. This second order ordinary
the conserved quantiti corresponds to the (constant) system differential equation (ODE) defines an initial value problem that
energy. can be solved using either analytic or numerical methods. Note

There are however a number of possible shortcomings with that in the case of more elaborate models, involving nonlinear
this approach. Firstly, for some systems dissipation plays a cru- interactions, an analytic solution may not be available. Two ini-
cial role in the dynamics, and conservation of the internal sys- tial conditions have to be specified for this second order equa-
tem energy does not so readily apply. One particularly chal- tion, namelyy(0) andy(0), where the dot signifies differentia-
lenging example is the numerical simulation of shock waves in tion with respect to time. This dissipative system can be written
tubes, in which there is a need for adding further, artificial dis- in Hamiltonian form (see, e.g., [7]) as

sipation in order to avoid spurious oscillations [5]. Examples dy OH

of simpler relevant sub-systems of musical acoustics interest a op (3a)
are bow-string interaction and reed excitation of woodwinds; dp O

in both cases the oscillations are driven by a continuous energy e fa—y —p (3b)

supply. Naturally, such forced systems cannot be formulated
in a stable manner without dissipative terms, and the energy iswhere H is the total energy (Hamiltonian) of the system and
conserved only in a global sense. As shown in [1], stability of p = 9L/dy the conjugate momentum, whefeis the La-

numerical schemes for the simulation of such systems can stillgrangian of the system [8]. Note that the specific form of (3)
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using theHamiltonian is required for obtaining a provably sta-

ble time-stepping scheme when modelling a system with non-

analytic forces (which does not work when the derivative terms
are first explicitly evaluated before discretisation to render the
more standard first-order schemes [9]).

Defining the kinetic and potential energy as

T(p)=p*/(2m),  V(y) =ky*/2 4)

yields

H(y,p) =T(p) +V(v)- (%)
The required initial condition for system (3) of first order ODE’s
is the pair(y(0),p(0)). In the undamped case (far = 0)
this is clearly a Hamiltonian system, which conserves the total
energyH [8]. In the presence of damping, energy is dissipated
according to

Qi _0Hdy OHdp 0Hp p (0H
& Gy d  opdt oym m\oy P
2
_ g
m
(6)
which induces the following conservation law
2
H + / TP 4t — const @)
m

In this paper only the case/2 < wy is studied. This cor-

3.1. Discretising Hamilton’s equations

An energy-conserving scheme—in the sense of equation (12)—
centred at time& = (n + 1/2)At, whose properties have been
recently demonstrated for a class of nonlinear Hamiltonian sys-
tems [9], can be obtained by applying mid-point derivative ap-
proximations to (3):

T(p") —TE")

Sy = — T (13a)
" vV n+1y _ vV n "
Se4p” = *W — VHi+D (13b)

leading to the following (second order) numerical scheme

1 — kAt? J4m — yAL/2

pn+1 _
1+ kA2 /4m + yAt/2
kAt
- n 14
1+ kAL /Am + 1 At/2Y (143)
y =t " 7). (14b)
m

This scheme—which, in this linear case, is equivalent to both
the trapezoidal rule and the midpoint rule—can be proven to be
unconditionally stable [9] (a fact that also holds in the nonlinear
case, which is not true for either the trapezoidal or the midpoint

responds to an underdamped system, that admits an oscillator)fme)

solution. Although higher damping values may be encountered
in mechanical systems they are less relevant to sounding ObjeCt%ultiplying (13a) byp™*! — p™ and (13b) byy"*"

and will not be treated here. Under the above assumption,for
taking the Laplace transform [10] of (1) yields the characteristic
equation

4+ vs+wi=0 (8)
which is solved bys = /2 £ j w,, Withwy = \/wZ — (7/2)?
being he frequency of the damped oscillator. The exact solution
can then be written as

y(t) = Ae "2 cos(wat + 0) 9)

where the initial amplitudel and the phase of the oscillation
can be obtained from the initial conditions.

3. DISCRETISATION

Time stepping methods involve the approximation of the contin-
uous functiony(t) by a discrete functio™, n > 0, such that

y" =~ y(nAt), whereAt is the time step. Using the following
difference and averaging operators

Yy =y Yy

At 2
that ae centred at time = (n + 1/2)At and approximate a
first order time differentiation and an identity operator respec-
tively, equation (6), which describes the evolution of the system
energy, is discretised as

5t+yn Ht+yn (10)

*%(utw”)? (11)

5t+H" =

By integrating (11) via summation over time fro= 0 to n,
one obtains the discrete conservation law:

K" =H"! X "2 At = const 12
+;m(ut+p) (12)

which is the discrete equivalent of (7).
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An energy relation can be derived directly from Eq. (13) by
—y™ and
substituting by parts to get

Hn+1 — Hn

L (pesp™)? At (15)

m
which replicates (11) exactly. Note that this derivation holds
for any potential function” and hence also applies to nonlinear
systems (as demonstrated in Section 4).

Simulation results for a 100 g mass with = 27440 rad/s
and~y = 300 s~* are compared with the analytical solution on
Figure 1. The bottom plot shows the error in the conservation
of the invariant quantity<, defined ask?, = K™ — K°. The
sampling rate for all simulations in this paper is equal to 44.1
kHz.

3.2. Driven oscillator

The energy balance defined in (7) for the continuous case and
(12) for the discrete case can be extended to incorporate the
action of an external driving forcéx. In that case Hamilton's
equations become

dy OH

dp  0H

& oy P + fex (16b)
with )

dt m
and, dscretising the external force using- fay, the discrete
conservation law transforms into

K'=H"" 43" (7 (1e+P")* = (perp®) (Mt+fex)) —
~k=0
= const (18)
136
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Figure 1: Evolution of the displacement and system energy for Figure 2: Evolution of the displacement and system energy for a
a damped scillator, along with the invariant quantity. The bot-  driven cscillator, along with the invariant quantity. The bottom
tom plot shows the error in the discrete conservation law (12) plot shows the error in the discrete conservation law (18) due to
due to machine precision. Initial conditions ai@®) = —1 mm machine precision. Initial conditions are as in Fig. 1.

andy(0) =1 m/s.

t = (n+ 1/2)At. This leads to the following nonlinear equa-

This now accounts for both the energy dissipated due to friction tion
and the_energy fedinto the system by the external force. Driving At AR V(z+y™) —V(y")
the oscillator of the previous section with a force of the form F(z)= |1+ - )* + om
2
Jex = Asin(wext) (29) _ Epn _ At (et fex) =0
m 2m

with A = 1000 N andwex = 27100 rad/s yields the results o Y™ty = (At/2m)(p"*! + p™). Thus solving

plotted in Figure 2. for = the scheme can be updatedsrandp. The nonlinear
equation (22) can be shown to have a unique solution (see [12])
and the conserved quantity is the same as in Section 3.2, now

4. NONLINEAR INTERACTIONS S .
taking into account the updated potential energy from (21) when

Things become more interesting when nonlinear forces are act_calculatlngH.
ing on the system. In that case there is (in general) no analytic
solution to the differential equation and the problem has to be 4.1. Application to sound synthesis

treated numerically. Motivated by nonlinear interactions in mu- The methodology presented above for discretising nonlinear sys-

sical acoustics, the nonlinear force introduced into the systemis 7 . .
" . . .~ tems and monitoring their energy balance can be applied to sev-
a conditional repelling force that becomes active when the dis- ; ) o0 ) - S
: ; eral settings in sound synthesis simulations. In this case, it is
placement is greater than a certain value. The hardness of such

an impact can be modelled by the contact-related stiffigss assumed that t.h € external driving forpe IS known. In prag‘ase.
o may be due to interaction between different objects, or supplied
and a power law constant[11] yielding

real-time by a performer. Applying a periodic driving force usu-
o ally results in a steady-state displacement signal preceded by a
fa = —koly”] (20) transient oscillation, like that observed in Figure 2.

For instance, if the pressure difference that drives a clarinet
reed is considered given in the form of a time sefig$t), it is
possible to sample it and calculate the force driving the reed, in

ko, ks order to simulate its oscillations. Defining as the mass per

3 + P ly> . (21) unit area of the reed, the equation of motion becomes
«

where|y® | = h(y) y“, h(y) denoting the Heaviside step func-
tion. Thus the potential energy of the system takes the form

2
TheHamiltonian form of the system is the same as in (16), with Md—y + M'yd—y + Mwiy + ke l(y —vye)] =pa  (23)

this new potential” used to calculate the total energy. de? dt

For the numerical approximation of the Hamiltonian sys- wher k. is defined as contact stiffness per unit area and
tem (16), substituting the potential energy from (21) the same the point after which the reed-mouthpiece interaction becomes
procedure as in Section 3 can be used, using mid-point deriva-significant [13]. The driving force per unit area corresponds to
tive approximations to discretise Hamilton’s equations at time the pressure difference across the reed. The results of such a
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Figure 3: Evolution of the displacement and energy for a single
reed, diven by a clarinet-like pressure differengg (as shown
on the top plot). Initial conditions arg(0) = 0 andy(0) = 0.

simulation, implemented by solving equation (22) at each time
step, are shown in Figure 3. The pressure differgncés syn-
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Table 1: Parameters used in the single-reed simulation.

parameter value unit
wo 272000 rad/s
~ 3000 1/s
Ye 2.4 x107% m
M 0.05 kg/m?

5. DISCUSSION

Conservéon of energy has been recognised as a key princi-
ple within stability analysis of time-stepping algorithms for a
few decades [15]; more recently it has emerged as such in the
context of simulation of non-linear phenomena in musical in-
struments [4]. Such an approach has evolved within the consid-
eration of lossless systems, where the energy of the system is
indeed conserved. A simple extension has been presented here,
where a similar conservation law is formulated for damped os-
cillators. Conserved quantities, involving the damping param-
eter~ and the external driving forcéy, have been calculated
for a discretisation approach that is known to be uncondition-
ally stable. It has been verified that the error in the conservation
of these quantities is within the order of machine accuracy.

Such a test is an additional tool to verify the validity of
a numerical approximation. Frictional forces lead to a mono-
tonically decreasing energy and as such can conceal a poten-

thesised taking into account a typical clarinet spectrum at 146 tial instability of a numerical simulation. Even when conserved

Hz (Note D3) [14], by defining the amplitudes of the first seven
harmonics as

{A1, Ay, ... A7} = {2000, 40, 400, 40, 100, 40, 28} Pa.

The contact is modelled usirig = 8.23 x 10'° anda = 2 and

the reed parameters are given on Table 1. It can be observed th
the conserved quantiti remains constant, in accordance with
equation (18), which shows that no ‘artificial’ energy is fed into
or lost from the system, besides that due to the external driving
and frictional forces. Figure 4 plots the error in the conservation
of K™, defined ag{.,, = K™ — K™. This demonstrates that

in practical simulations, the global energy is not exactly pre-
served per time step, but varies by a small (quantised) amoun
due to finite precision; as explained in [1], such plots are also a
useful debugging tool.

-3 . . . . . . . .
4 5
time [ms]

Figure 4: Evolution of the energy erréf,,, duringthe first 9
ms of the clarinet reed simulation.
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guantities can be theoretically established, in practice their con-
servation may depend on the range of the model parameters [9].
Testing for such an energy drift is usually carried out in conser-
vative systems, by monitoring the constant system energy. The
conserved quantitX’ proposed here can serve as a similar tool

4 the analysis of damped systems.
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